Abstract-In this paper, we define the complex Faraday tensor F C as an operator representation of the electromagnetic field. The electromagnetic stress-energy tensor can be expressed as
INTRODUCTION
In general, the electromagnetic field tensor F , expressed by a four-by-four matrix, is used to describe the electromagnetic field intensity. This tensor provides a convenient expression for the Lorentz force and therefore can describe the evolution of a charged particle. In addition to this representation, the complex Faraday vector F = E + iB has been used widely in the literature to obtain the Lorentz field invariants [7] . Silberstein first combined both concepts in 1907 to define a complex Faraday tensor F + iF * [8, 9] . He used a quaternion based formalism and did not apply the tensor to describe any kinematic phenomena. It was later shown that Maxwell's equations can be derived from such a tensor [10] .
The relativistic motion of a charge in constant, uniform, and mutually perpendicular electric and magnetic fields is treated in a number of classic texts [4, 7] . The solution of the relativistic motion of a charge in a constant, uniform field by use of Clifford algebra techniques is given in [1] . A solution for mutually perpendicular electric and magnetic fields as viewed in the laboratory frame is given in [3] by use of the notion of symmetric velocity. A covariant solution of the problem is given in [6] .
We propose here to apply the operator representing the complex Faraday tensor to solve the evolution problem. The square of this operator is a scalar multiple of the identity matrix, which is not the case for the standard electromagnetic tensor. This property is critical for obtaining explicit solutions in an easy way.
OPERATOR REPRESENTATION OF THE FARADAY VECTOR
Given the electric field intensity E(r, t) and the magnetic field intensity B(r, t) one can define a complex 3D-vector, called the Faraday vector as
For the rest of the paper we will use units in which c = 1 and we will thus omit it from further equations. The Faraday vector is used to describe the Lorentz invariant field constants [7] . The electromagnetic tensor F µν [4, 5] is used to show the covariance of electromagnetism. The Lorentz force F = q(E + v × B) on a charged particle with charge q acts on the four-velocity U µ of this particle as a linear operator. This operator is described by q times the mixed tensor F = F ν µ with the matrix
It is known (see [5] ) that the four-velocity U (τ ) of a charged particle of mass m and charge q is the solution of the relativistic dynamic equation
with the initial condition U (0) = U 0 -the initial four-velocity. If the field is constant we get a first order system of differential equations with constant coefficients. From a known theorem of differential equations, such an initial value problem has a solution
but it is not so easy to obtain an explicit form of this operator exponent.
To obtain an easy explicit solution we define an operator representation of the Faraday vector via a complex matrix
in which F j = E j + iB j . We will call this matrix the complex Faraday tensor.
The electromagnetic stress energy tensor T is related to
where µ 0 is the magnetic permeability of a vacuum. The real part of this tensor is the mixed electromagnetic tensor:
whereF C denotes the complex conjugate of the matrix F C . In the evolution equation (3) and its solution (4) we can replace the mixed electromagnetic tensor with with Re(F C ). To do this efficiently we have to study the properties of the complex Faraday tensor.
PROPERTIES OF THE COMPLEX FARADAY TENSOR
It is natural to decompose F C as a linear combination of the following basis of matrices:
in which
These matrices have the following multiplication properties:
where klm denotes the Levi-Civita tensor, δ jk denotes the Kronecker delta and R k denotes the space reversal about the k spacial axis. From (10) it follows that {K k } fulfill the canonical anticommutation relations (CAR):
The commutators of these matrices are
which shows that the J k = iK k /2 matrices fulfill the angular momentum commutation relations, while K k /2 fulfill the commutation relations of generators of boosts. Moreover 
Using (12), we can state that
for a complex constant scalar z. Plugging in
The real and imaginary parts of z 2 are the two Lorentz invariants of the electromagnetic field. Thus, also z is a Lorentz invariant.
RELATIVISTIC EVOLUTION OF A CHARGE IN A CONSTANT UNIFORM FIELD
We consider now the relativistic evolution of the four-velocity of a charge in a constant field.
Restating its solution (4) with F C we obtain
. From a known theorem in mathematics, if two operators A and B commute, ie [A, B] = 0, then exp(A + B) = exp(A) exp(B). Hence exp[(F
Since exp(F C ωτ ) is the complex conjugate of exp(F C ωτ ), it remains only to solve for exp(F C ωτ ). By expanding the exponent as a Taylor series and using (15), we can break down the series into its even and odd terms. For every even term, F C 2n = z 2n I and for every odd term
Assuming that z = 0, we get:
We will examine the case where z = 0 below.
As we established in (17), the full solution is the product of (18) and its conjugate:
Using basic hyperbolic trigonometric identities, Equation (6) and writing z = a + ib, we obtain:
and [F C /z] and [F C /z] denote the real and imaginary parts of the complex matrix F C /z, respectively. In other words, the evolved four-velocity is expressed as a linear combination of four constant four-velocities. All of the four vectors are Lorentz orthogonal. The vector A 0 is time-like, A 1 is space-like and they are both of the same magnitude. Together they define uniform acceleration in the E×B direction. The vectors A 2 and A 3 are space-like, of the same magnitude and together they define a rotation about the E × B axis. To find the world line of the charge, we need only integrate t 0 U (τ )dτ . Since the vectors are constant, the integral is only on the magnitude coefficients, which are simple integrals.
SPECIAL CASES
The three commonly solved [4, 5] cases (E = 0, B = 0 and E · B = 0) are easily obtained special cases of (20). Case 1: B = 0, F = E. According to (15), z 2 = E 2 and z = |E| = a is real. Since b = 0, solution (20) simplifies to
If we assume E = (E, 0, 0), we get:
Case 2: E = 0, F = iB and F 2 = −B 2 . According to (15), z 2 = −B 2 and z = i|B| = ib is purely imaginary. Since a = 0, solution (20) simplifies to
Once again, if we assume B = (B, 0, 0), we get:
Case 3: E · B = 0. From (15) z 2 = E 2 − B 2 . This implies three different possible behaviors for z = a, z = ib or z = 0.
• E 2 − B 2 > 0 : In this case, z = √ E 2 − B 2 = a and the evolution is according to (22). The only difference is the following. The constant term in Case 1 depends only on the initial condition, as we can see from (23). Now, this term depends on the field as well and when the initial velocity is zero it becomes equal to the known drift velocity.
• E 2 − B 2 < 0 :In this case, z = i √ B 2 − E 2 = ib and the evolution is according to (24). The only difference is the following. The constant term in Case 2 depends only on the initial condition, as we can see from (25). Now, this term depends on the field as well and when the initial velocity is zero it becomes equal to the known drift velocity.
• E 2 − B 2 = 0 : In this case, z = 0. This case demands that we use (17) before we divided by z in (18). Since F C 2 = 0, the Taylor series is finite and the general solution is
In this case for large τ the velocity will be defined by the last term which is in the E × B direction.
DISCUSSION AND CONCLUSION
The Lorentz force of an electromagnetic field on a charge is usually described by the action of a linear operator F , associated with the electro-magnetic tensor, on the four-velocity of the charge. We have shown that by introducing a complex matrix F C , for which F is its real part, we can significantly simplify the solution for the relativistic dynamics of a charge in a constant field. We have also found (6) that F C is some kind of matrix square root of the electromagnetic stress tensor. It seems that F C is not simply a technical tool to help solve problems, but rather a more accurate description of the electromagnetic field.
As we have seen, the components 1 2 K j and i 2 K j of this tensor satisfy the same commutation relations as the relativistic boost and angular momentum generators in the Lorentz group, respectively. In [2] , it was shown that these operators represent the angular momentum of a spin 1/2 representation. Moreover, if on the complexified space of representations, we choose the Newman-Penrose basis, the coordinates in this basis are the Dirac bi-spinors. This indicates that the complex tensor F C is somehow related to the description of the action of the electromagnetic field on the electron.
The standard electromagnetic tensor acts on the real 4D space of four-velocities. It is natural to assume that the complex Faraday tensor F C would act upon a complex 4D space for which the real part would be the four-velocity of a test charge. We conjecture that the imaginary part of this space will have information on the angular velocity of the test charged particle. In this case we expect to obtain the action of the electromagnetic field not only on the position of the charge but also upon its angular momentum. Since most charged particles in nature have a magnetic moment, a full description of the action of the field upon them must also involve information about the evolution of their magnetic moment.
